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1. INTRODUCTION 
Let R be any alternative ring, Nits Nucleus, 2 its center. In [3] Lemma 5, 
Kleinfeld shows in effect that if R is prime then N = R or N = 2. In Sec- 
tions 5-7 of this paper we investigate what natural conditions on R are the 
weakest possible to ensure this conclusion. Although the results obtained 
to not give a definitive answer, it seems likely that N = 2 whenever R is, 
in a suitable sense, ‘purely alternative’. In Section 8 we apply our results 
to amplify comments by Humm and Kleinfeld [2] on free alternative rings. 
Section 9 contains examples of alternative rings referred to in the paper. 
2. PREREQUISITES AKD NOTATION 
In any nonassociative (i.e. not necessarily associative) ring R the associator 
of three elements a, b, c E R is defined by (a, b, c) = ab * c - a . bc, and the 
commutator of two elements a, b E R by (a, b) = ab - ba. The nucleus 
N = N(R) is defined by 
N = {n E R : (n, R, R) = (Ii, n, R) = (R, R, n) = (0)}, 
and the center Z = Z(R) by 
2 = {z EN : (z, R) = (0)). 
Thenfora,b,cER;nEN, 
(a, 64 n = (a, h 4; n(a, b, c) = @a, b, 4, 
(ab, n) = a(b, n) + (a, n) b. 
R is alternative provided identically 
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If R is alternative then 
n(a, b, 4 = (a, k 4 n, (2.4) 
whence 
(an, b, 4 = (a, b, 4 n, (2.5) 
and 
(R, N) C N. P-6) 
Also 
(4 b, 4 (a, n) = 0, (2.7) 
whence 
(a, b, c) (4 n) = - (4 6 4 (a, 4. (2.8) 
Finally, 
u(u, b, c) = (a, bu, c); 
(a, b, c) a = (a, ub, c). (2.9) 
For proofs of 2.4, 2.7, 2.9, see [I], proof of Lemma 3.2, Lemma 2.4 (taking 
y = n), and Lemma 2.2, respectively. 
3. REMARKS FROM NONASSOCIATIVE RINGS 
If R is any nonassociative ring, we define the ussociutor ideal D = D(R) 
to be the ideal of R generated by (R, R, R). 
Let us say an ideal V of R is a nuclear ideal of R provided 
(0) # V C N = N(R). The sum U of all nuclear ideals of R is itself nuclear 
(or zero): we may call U = U(R) the maximum nuclear ideal of R. 
In view of 2.1, (R, R, R) U = (0). S ince, as is easily seen, the left anni- 
hilator of a nuclear ideal is an ideal, we have 
DU=(O)=UD (3-I) 
similarly. Thus if, for example, R is prime, then D = (0) or U = (0). That 
is, either R is associative or U = (0). It thus seems natural to regard nuclear 
ideals in an R which is not associative as in some sense “bad”; we might also 
say R is “purely not associative” provided U(R) = (0). 
(3.2) If A is any ideal disjoint from D, then (A, R, R) C A n D = (0), 
etc., whence A C N. Thus if R is purely not associative, D meets every 
nonzero ideal. 
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(3.3) Let us say an ideal A of R is triwiul provided A # (0) = A2 (that 
is, A, regarded as a subring, has trivial multiplication). If we define solvable 
and nilpotent ideals in the usual way, it is clear that (u) ---f (b) + (c), 
where 
(a) R has no solvable ideals, 
(b) R has no nilpotent ideals, 
(c) R has no trivial ideals. 
If R has the property that whenever A is an ideal then A2 also is an ideal, 
then (c) -+ (a) and the conditions are equivalent. In this case a ring satisfying 
the conditions may be called semiprime. The required property holds in 
alternative rings. Since semiprimeness is the weakest of the usual semi- 
simplicity conditions, trivial ideals may reasonably be regarded as “bad.” 
(3.4) Combining 3.1 with 3.3, we might say that trivial nuclear ideals in a 
not-associative ring are doubly bad. The condition that R have no trivial 
nuclear ideals is thus both natural and weak. 
Since for given R, if D = D(R), U = U(R), (D n U)2 C DU = (0) by 
3.1, D n U is zero or a trivial nuclear ideal. Thus if R has no trivial nuclear 
ideals, R is unmixed in the sense that D n U = (0). This condition asserts 
roughly that the associative and non-associative portions of R are separated. 
It is the weakest of the conditions we shall have need of later. 
In an unmixed ring R the maximum nuclear ideal has the essential pro- 
perty of a radical: we might call it the “nuclear radical.” More precisely, 
LEMMA 3.5. If R is unmixed and R = R - U(R), then U(R) = (0). 
If 8 is a homomorphism of R, and U(RB) = (0), then U(R) C Ker 8. 
U(U(R)) = U(R). 
Proof. If possible, let P be a nuclear ideal of R, V its complete inverse 
image in R. Then (p, iR, R) = (a), whence (V, R, R) C U. Since also 
(V, R, R) C D, the condition gives (V, R, R) = (0). Together with 
(R, V, R) = (0) and (R, R, V) = (0), this yields F’G U(R). Thus P = (8), 
and R has no nuclear ideals. The second and third parts are obvious. 
4. PURELY ALTERNATIVE RINGS 
Since associative rings are alternative, conditions of the semiprimeness 
type on an alternative ring R are not enough to ensure N = 2. Consider 
the typical example 5 = C @ A, where C is a Cayley-Dickson algebra over a 
field F, and A is an associative algebra over F. If A is semiprime, then so is S, 
yet N(S) # Z(S) unless A is commutative. 
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It seems clear from this example that to ensure N = 2 we must require R 
to be, in some suitable sense, “purely alternative”; that is, uncontaminated 
by associative parts. The example S shows that for a ring to be purely alter- 
native we must insist at least that it have no associative direct summands. 
However, this is not enough, for we could form a new ring S’ by adjoining a 
1 to S, and S’ has no associative direct summands. Yet N(S’) = Z(S’) still 
fails because of the “contaminating” presence of A, and we are still tempted 
to say that the failure is due to the insufficiently “purely” alternative character 
of S’. 
We could rule out this example by insisting that a purely alternative 
ring have no associative ideals. But trivial ideals are associative, so that this 
definition would force purely alternative rings to be semiprime. This seems 
too strong a restriction [see also (6.10)]. The “correct” definition seems to lie 
between the two we have suggested, and to be given in 
DEFINITION 4.1. We say an alternative ring R is purely alternative pro- 
vided R has no nuclear ideals. 
(4.2) A possible definition of purely alternative rings of a slightly dif- 
ferent kind was suggested (private communication) by Kaplansky: that no 
nonzero homomorphic image of R be associative. This is equivalent to having 
R = D. For such rings 3.1 yields the following result. 
LEMMA 4.2. If R = D, then U(R) = (u E R : uR = Ru = (0)). 
Thus only a very mild restriction on a ring satisfying Kaplansky’s condi- 
tion is enough to force it to be purely alternative. On the other hand, there 
exist prime alternative rings R with 1 such that R # D. For these reasons 
the condition R = D is probably undesirably strong. See also 6.11. 
5. SCHEMAOF RESULTS 
In what follows R is alternative. 
DEFINITION 5.1. M = M(R) is the ideal generated by (Ii, N). 
Clearly N = 2 if and only if M = (0). While in general we certainly will 
not have M = (0), consideration of S or S’ in Section 4 above suggests that 
we may expect to find MC N. Actually there exist rings R in which M $ N: 
see Sec. 9. 
Nevertheless, it seems likely that under mild restrictions on R we will find 
M C N. An attack on the problem is provided by examining the ideal M n D. 
If this ideal can be shown to have certain bad features, then in rings without 
these features we must have M n D = (0), whence MC N by 3.2. We now 
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produce a schema of linked statements, and in later sections prove them under 
some restrictions. 
(5.4) Let YQI be some (unspecified) class of alternative rings. Consider 
the following statements. 
(a) For all R E &‘, either M _C N or M n D contains (necessarily trivial) 
nuclear ideals of R. 
(b) If R E &’ is unmixed, then M C N. 
(c) If R E &’ is purely alternative, then N = 2. 
(d) If R E G? has no trivial nuclear ideals, and U(R) is commutative, then 
N = Z. 
PROPOSITION 5.5. For a given class JX!, (a)-+(b)+(d)-+(c). If & is 
closed under taking of homomorphic images, then (b)-(d) are equivalent. 
Proof. (a) -+ (b). If R is unmixed, then D contains no nuclear ideal of R. 
Hence by (a) M _C N. 
(b) ---f (d). We start by showing that U C Z. Let u E U be given, and let 
r E R be arbitrary. Set w = (I, u). Then for v = w or v = ws (for given 
s E R), we have WY E U, so that by 2.2, 
0 = (VT, u) = (0, u) r + V(Y, u) = v(r, u) = VW. 
Thus w2 = 0 and wsw = 0, so that wRw = (0). It follows easily that the 
(nuclear) ideal generated by w has square zero. Since R has no trivial nuclear 
ideals, w = 0, hence II E Z. So UC 2. 
Now since R is unmixed, by (b) MC N, so that MC U. It will now be 
seen that for given u E N the argument of the previous paragraph goes 
through word-for-word to yield u E Z. Thus NC Z, so that N = Z. 
(d) -+ (c). The condition is that R have no nuclear ideals. In particular, 
R has no trivial nuclear ideals, and U(R) = (0) is commutative. The result 
follows immediately. 
(c) -+ (b). If R is unmixed and i? = R - U, then R has no nuclear 
ideals by 3.5. Since by hypothesis a E &, N(R) = Z(x). But now for given 
n E N(R), r E R, ii E N(R), so (ii, ?) = 0. Thus (n, Y) E U. Since M is generat- 
ed by terms (n, r), it follows that M C U _C N. 
We now discuss the Conditions 5.4 for the case where J-JJ’ = 6’ is the class 
of all alternative rings. 
CONJECTURE 5.6. The statements (a)-(d) of 5.4 hold for LZ’ = 8. 
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Note on (a). A stronger but more natural conjecture is that M r\ D either 
contains trivial nuclear ideals or is zero. This may very well be true, but the 
methods of this paper do not cast light on the question. It is perfectly possible 
to have MC N even though M n D # (0): see Example 1 in Section 9. Of 
course, in such a case M n D is a trivial nuclear ideal. 
Note on (b). If this is correct, then in unmixed rings M and D will be 
disjoint. It would follow that if R is unmixed then D n N = D n Z and 
(N,D)=(O).Forifd~NnD,r~R,ord~D,r~N,then 
(d, Y) E M n D = (0). 
Note on (c). This, I believe, is the “correct” version of Kleinfeld’s 
result referred to in Section 1. Note that, by 3.1, a prime alternative ring is 
associative or purely alternative. 
Note on (d). The condition that U be commutative is, of course, ad hoc. 
It is, however, a natural attempt at a condition for N = 2 which, unlike (c) 
shall be necessary as well as (hopefully) su ffi cient. The condition that U be 
commutative is not by itself enough to force N = 2, as is shown by Example 1 
of Section 9. It is conceivable that the added condition that R have no trivial 
nuclear ideals (not itself a necessary condition) could be dropped at the cost of 
strengthening the condition on U to the condition that UC Z(R) (which is 
still necessary). But I doubt this. 
It may easily be seen that the conditions of (d) are equivalent to the con- 
ditions that U be commutative and have no nil elements. Thus if (d) is true, 
the question whether N = 2 is removed from a consideration of R as such to 
an internal question about U, and thus is a question of associative rather than 
alternative theory. 
6. THEOREM A 
In this section we prove a result on the “badness” of the ideal M n D 
which holds for any ring, but is weaker than 5.4(a) for the case d = B. 
THEOREM A. For given R, either MC N, OY M n D contains trivial ideals 
T such that T n N # (0). 
It is convenient to split the proof of this theorem into a succession of easy 
lemmas. 
LEMMA 6.1. If n E N, the ideal U, generated by n is 
U,= Jn+Rn+nR+RnR 
(/ the integers). 
4811713-7 
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Proof. It is enough to show that this set is an ideal. But, for example, 
Y * mt = YS * nt -j- (Y, s, nt) 
= r’nt + n(~, s, t) E RnR + nR. 
LEMMA 6.2. Ifn EN is such that n2 = 0 and nRn = (0), then U,,2 = (0). 
Proof. In view of 6.1 it is clearly enough to show that rlls * tnv = 0 for 
arbitrary Y, s, t, v E R. 
Now 
~n.v - tnv = Y * (ns) (tnv) + + (y, w tnv) 
= r((ns) (tn) - v) - ~(ns, tn, v) + n(r, s, tnv) 
= r(n(st) n * v) - Y * n(s, t, v) n + (r, s, 71 * tnv) 
= 0, 
where we have used 2.5 several times. 
LEMMA 6.3. If m, a, b E R are such that m E (a, b, R) CT N, then U,,,2 = (0). 
Proof. Suppose m = (a, b, Y), and for given x E R set n = (a, b, x). Then 
n EN, and an = ~(a, b, X) = (a, 6, xa) by 2.9, so that CZ~ EN. Thus for 
given y, z E R we have 
0 = (an, Y, 4 = n(a, Y, 4 = (a, b, 4 (a, y, 4, (*) 
using 2.5. Taking x = z = Y, y = b, we find m2 = 0. Next, for given s E R, 
m(s, m) = (a, b, y) (s, m) = (a, b, s) (m, y) by 2.8, 
= (a, 4 4 ((a, b, 4 y - ~(a, 4 11) 
= (a, b, s) (a, rb - br, Y), 
by 2.9. Taking x = s, y = rb - br, z = Y in (*), we thus see that m(s, m) = 0. 
So 0 = m(s, m) = mm - m2s = msm. So m2 = 0, mRm = (0), whence by 
6.2, urn2 = (0). 
LEMMA 6.4. M = (R, N) + R(R, N). 
Proof. It is enough to show that this set is an ideal. But, for example, 
Y(S, n) . t = tmt = Y + mt = - Y . (t, m) + Y * tm 
= - Y * (t, m) + rt * (s, n) E R(R, N), 
where m = (s, n) EN, by 2.6. 
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COROLLARY 6.5. The following conditions on R are equivalent: 
(a) MCN; 
(b) (W, N), R R) = (0); 
(4 CR, 4 R) (R N) = (0). 
This follows from 6.4, 2.6, and 2.5. 
LEMMA 6.6. (M, R, R) C N. 
Proof. By 6.4 it is enough to show that for given a, b, c, d E R, n E N, 
(a(b, n), c, d) EN. But 
N 3 ((a, c, 4 b, 4 = ((a, c, 4, n) b + (a, c, d) (6 4 
= 0 + (46 4, c, 4, 
as required. Here we have used 2.6, 2.2, 2.4, 2.5. 
Proof of Theorem A. If it is false that MC N, then by 6.5 we can find 
a, b, c, d E R, tt E N such that 0 # m = (a(b, n), c, d). Now u = a(b, n) E M, 
so that m E (u, R, R) C (M, R, R) C N by 6.6. So by 6.3 U,,,= = (0). Since 
0 # m E M n D n N, we have found a trivial ideal U,,, of R such that 
U,CMnDand U,nN#(O). 
DEFINITION 6.7. Let D be the class of those rings R for which any (and 
hence, as is easily seen, all) of the following conditions is satisfied: 
(a) If T is a trivial ideal of R, then T n N = (0); 
(b) If n EN, and U,2 = (0), then n = 0; 
(c) If n E N, na = 0, nRn = (0), then n = 0. 
Note that B contains in particular all the semiprime rings. 
COROLLARY 6.8 (to Theorem A). Suppose R ~9. Then 
(i) R is unmixed; 
(ii) MZN; 
(iii) if R is purely alternative, then N = Z; 
(iv) if U(R) is commutative, then N = 2; 
(v) D nN= D n 2; 
(vi) for n EN, (n, D) = (0). 
Proof. The condition for R EM implies that R has no trivial nuclear 
ideals, which in turn implies that R is unmixed. (ii) is an immediate conse- 
quence of Theorem A. (iii) and (iv) follow from 5.5, since (b) of 5.4 holds 
when JZZ = a. (v) and (vi) follow from the Note on (b) of 5.4. 
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COROLLARY 6.9. If R has no trivial ideals and no nuclear ideals then N = Z. 
COROLLARY 6.10. If R has no nonzero associative ideals then N = Z. 
For both trivial ideals and nuclear ideals are associative. 
COROLLARY 6.11. If R E B has no nonxero associative homomorphic 
images, then N = Z. 
This follows from 6.8(v). Note that by 4.2 such an R is purely alternative. 
7. THEOREM B 
In this section we show that the statements of 5.4 are true for a suitably 
restricted class V of rings. 
DEFINITION 7.1. Let us say a subset P of R is a generating set mod N 
for R provided every Y E R can be written as a sum of an element of N = N(R) 
and a sum of (suitably associated) products of elements of P. 
Let us say that R is Jinitely generated mod N provided there exists a finite 
subset P of R which is a generating set mod N for R. 
DEFINITION 7.2. Let @? be the class of all those R which are finitely 
generated mod N(R). 
THEOREM B. Statements (a)-(d) of 5.4 hold in case .sJ = V. 
For the proof of this theorem we use some preliminary results which may 
be of independent interest. 
DEFINITION 7.3. For given R and given integers r > 1, s > 1, define a 
function g,, on R as follows: g,, is a function of 3r + s R-variables and s 
N-variables. For given ai , bi , ci E R (i = l,..., r), and given di E R, n, E N(R) 
(j = l,..., s), set ti = (a( , bi , c,); mi = (dj , nj). Then for g = g,, , 
g(a, , bi , ci; di , nj) = I&r ti n,‘rn, , all association being to the right. 
LEMMA 7.4. For given R, r > 1, s 2 1, g = g,, , 
(a) g takes values in M n N; 
(b) a value taken by g is independent of the order or association of the terms 
tti , m, appearing in it; 
(c) g is an alternating function of its R-variables. 
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Proof. (a) If u =n tin j m is any value taken by g, we may successively 
absorb the mj ( j < s) into t, by 2.6 and 2.1. So we may suppose without 
loss that s = 1, m, = m. We now proceed by induction on r. If 
t2 .**t,m=v~MN,then 
u = t,v = (aI , bl , cl) v = (a,~, 6, , cl) E (M, R, R) C M n N 
by 6.6. 
(b) Let u = n ti n m, be a value taken byg, and v the value of a product 
of the ti and mj in an arbitrary (but given) association and order. Imagine 
first that s = 0. We can then get from u to v by a succession of 
steps A(r * st) B + A(rs * t) B and A(rs) B --+ A(u) B, where Y, s, t are 
products of associators. Suppose now s = 1, m, = m. Since m E N associates 
and commutes freely with the associators ti , we have 
u = A(Y * st) B - m = A(r . (ms) t) B = A(r(ms) * t) B = A(rs - t) B - m, 
since ms E N by part (a). Similarly 
u = A(YS) B * m = A(rm - s) B = A(s * t.m) B = A(w) B * m, 
since rm E N commutes and associates with the component ti of which s is a 
product. Having this disposed all ti to the order and association they have in v, 
we can complete the rearrangement by sending m to its required position 
and association. 
For general s we start as in (a) by hiding all mj except m, in t, . We then 
carry through the above process. Finally we bring all the mj out of hiding 
again and dispose them as required. 
(c) Suppose that in some value u of g two of the R-variables have the 
same value Y. By (b) we may bring the terms (ti or mj) in which they occur 
to the end. Then u assumes one of the forms 
u = v * (Y, b, c) (Y, n); 
u = v * (Y, b, c) (d, n) (Y, b’, c’); 
Now by 2.8, 
u = v - (Y, n’) (a, b, c) (Y, n). 
and 
(r, 6, c) (4 4 (r, b’, 4 = - 0-9 4 4 (I, 4 (4 b’s c’) 
(r, 4 (a, b, c) (y, 4 = - (a, n’) (I, h 4 (y, 4. 
Thus in every case u is equal to a product with a term (Y, b, c) (Y, n), and so 
is zero, by 2.1. 
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LEMMA 7.5. If P is a generating set mod N fbr R, then ewery value taken 
by g,, lies in the right ideal S of R generated by 
T = (g,s(ai , bi , c,; dj , ni) : ai ,..., dj E P; 7tj E N}. 
Proof. Let u = g,,(ai , b, , c,; dj , n,) be any value assumed by g,, . 
Let Y be any one of the ai ,..., dj . If Y E Nit is clear [using 7.4(c) first, in case 
r = dj] that u = 0. So by the multilinearity of g, it is enough to consider the 
case where every Y is a monomial in elements of P. To show u E T we now 
proceed by induction on the maximum length as such a monomial of any Y 
appearing in u, and if there is more than one monomial of maximal length, 
by a subsidiary induction on the number of monomials of maximal length 
appearing in u. 
Letp be a monomial of maximal length, and suppose p = st is its expression 
as a product of shorter monomials. Then by 7.4(b) and (c) we may write 
u = w(p, n). Now 
(p, n) = (St, n) = so, 4 + ts, 4 t = (s, m> + (64 s + (s, 4 t 
[nr = (t, n) E NJ Thus u = o(s, m) + w(t, n) * s + o(s, n) * t. By inductive 
hypothesis each of w(s, m), w(t, n), w(s, n) lies in S. So also u E S, as required. 
COROLLARY 7.6. If P is agenerating set mod Nfor R, and j P 1 = p < 00, 
then g, = Owhenever3~+s>p. 
Proof. If 3~ + s > p, then the T of 7.5 consists entirely of expressions 
with repeated R-terms. So by 7.4(c), T = (0), whence S = (0). So by 7.5, 
g,, has range (0), and g,, = 0. 
LEMMA 7.7. Giwen n E N(R), the following conditions are equiwalent: 
(a) U,, C N; 
(b) (R, RR, R) n = (0). 
PYoof. If U,, C N, then in particular Rn C N. So (R, R, R) n = 
(R, R, Rn) = (0). Conversely, if (R, R, R) n = (0), then Rn C N. So 
nR Z Rn + (n, R) C N by 2.6, and 
RnRC(Rn,R)+R*RnC;(N,R)+RnCN. 
So U,,cNby6.1. 
Proof of Theorem B. By 5.5 it is enough to prove 5.4(a). If R E V 
then by 7.6 we may choose Y minimal such that g,r = 0. If Y = 1, 
then (R, R, R) (R, N) = (0), so that M C N by 6.5. If Y > 1, 
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choose ai , bj , cI E R (; = l,..., Y - l), d E R, tt E N such that 
t = g,.-,,,(q , bi , c~; d, n) # 0. Then by definition of Y (R, R, R) t = (0). 
Also, by 7.4(a), t E N. So by 7.7 lJt C N. Since r - 1 > 1, 0 # t E D, so 
that (0) # Ur C D. Thus Ut is trivial as well as nuclear. Since also t E M, 
U,CMn D. 
REMARK 7.8. If R is generated mod N by three elements, then M G N. 
Proof. By 7.6 g,,, = 0. So MC N by 6.5. 
8. FREE ALTERNATIVE ~NGS 
It was shown in [2] that free alternative rings L, on t > 2 generators have 
certain unpleasant properties which one would not expect by comparison with 
a free non-associative ring A, or a free associative ring St . In particular, the 
authors noted that Lt is not semiprime if t > 3, and that L, is not prime. In 
this section we make a stronger conjecture on the “badness” ofLt . To support 
it, we use the results of the previous sections to show how, if the conjecture 
is false, we can obtain a large number of unexpected and implausible identities 
in arbitrary alternative rings. 
We shall need to produce elements in N(Lt), and we therefore start with a 
discussion of this. 
(8.1) For a given integer t > 1 let At = A*(J) or A,(F) be the free non- 
associative ring on t generators x1 ,..., xt over either the integers J or a given 
field F. For a given h E A, we shall say that h = h(x, ,..., xt) is a tzuclem 
function provided that for every alternative ring R (in case At = A,(J)), or 
for every alternative algebra R over F (in case A, = A,(F)), if y1 ,..., rt E R, 
then h(r, ,..., yt) E N(R). 
If h = h(x, ,..., x#) is any nuclear function, we can regard h as a member 
of L, , and then h E N(L,). It should be noted, however, that the converse is 
false: we may have h(x, ,..., q) E N(L,), and yet h not be a nuclear function: 
all we can say is that if R has a set of < t generators, then the function h 
maps R into N(R). However, an easy argument (as in 8.6, below) shows that if 
h(x, >..., XJ E N(Lt+2), then h is a nuclear function. We state this observation 
in the weak form in which we shall need it: 
LEMMA 8.2. If h(x, ,..., xt) E N(L,) for all sumently large s, then h is a 
nuclear j&action. 
We can define central functions in similar fashion. A similar caution, and a 
similar lemma apply to them: 
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LEMMA 8.3. If h(x, ,..., xi) E Z(L,) for all su@iently large s, then h is a 
central function. 
The only known examples of non-zero nuclear functions are those derived 
from Kleinfeld’s identities (e.g. see [2]): 
u(a, b, 73) = (a, b, v”) v = 0 (8.3) 
whenever w = (c, d) is a commutator. Using 8.4 it is easy to show that if 
ZI=(X1,X*)EAt, then ti, ni(v2, ~a), (n2, xs) vi (i 3 1) are nuclear functions. 
Apart from these, the only nuclear functions I know of are those derived 
trivially from these, e.g., by linearization or 2.6 or 6.6. For instance, we have 
the nuclear functions (o*, xs) and (x4 , x5 , xs) (zJ*, ~a). 
(8.4) It is not in general clear when a given nuclear function h is the zero 
function. However, we can sometimes see that h # 0 by noting that 
L, - D(L,) N S, , the free associative ring on t generators. If i;cq ,..., XJ # 0 
in S, , then certainly h # 0. For example, the nuclear functions listed above 
are, except possibly for the last, all nonzero. 
We now state the conjecture of this section, and in later subsections give 
three different lines of argument to support it. 
CONJECTURE 8.5. For su$kiently large t L, (i.e., L,(F) for any F) is not 
unmixed. 
More specifically, L, should be “mixed” for t > 6, probably for t > 4, 
very possibly also for t = 3. 
It is plausible to suppose that if L, is “mixed” for given t, then all L, (s > t) 
will also be “mixed,” There does not seem to be an obvious proof of this, 
but we can prove the following weaker result. 
LEMMA 8.6. Let L = L,,S be free on generators x, , x2 ,..., xt , u, v, w, and 
let L, on generators xi be embedded in L. If D(L) contains a trivial nuclear ideal 
U such that U n L, # (0), then L, is mixed for all s > t. 
Proof. Suppose 0 # h = h(x, ,..., xt) E U n L, . We may as well suppose 
that U = U, . Then (h, u, v) = 0 and (wh, u, v) = 0. Now if R is any ring, 
and h’ = h(r, ,,.., rJ is any value of h in R, we show that U,, is a nuclear 
(or zero) ideal of R in D(R). G iven any u’, V’ E R, there is a homomorphism 13 
from L to the subring of R generated by ri , u’, v’ such that xi6 = ri , utI = u’, 
~6 = v’. Then 0 = 08 = (h, u, V) 8 = (h’, u’, w’), so that h’ E N(R). Using 
(wh, u, V) = 0 similarly, we show that Rh’ _C N(R). Hence (as in 7.7) 
lJ,* C N(R). Since h E D(L), it is clear that h’ E D(R). To complete the proof, 
it suffices to note that since h f 0 in L, the value h’ = h(u, ,..., ut) of h is 
non-zero in a ring L, on free generators ur ,..., us (s > t). 
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Conjecture 8.5 implies in particular that L, contains trivial nuclear ideals. 
As noted in 8.1, L, contains trivial ideals (t > 3). It is easy to show that L, 
also contains nuclear ideals. 
LEMMA 8.7. If R is any ping, a E R, m, n E N(R), then (m, n) and 
(a, m) (a, n) generate nuclear (or zero) ideals. 
Proof. By 2.8, (R, R, R) (m, n) = (0). So by 7.7, UC,,,, C N. By 7.4(c), 
(A, R, R) (a, m) (a, n) = (0). So similarly U, C N for o = (a, m) (a, n). 
COROLLARY 8.8. Any free alternative ring L contains nuclear ideals. 
Proof. If L = L, or L, , L is itself nuclear. Otherwise we may choose free 
generators x1 , xs , x3 in L, and by 8.7, e.g. u = ((xi , x2)*, (xl , ~a)~) generates 
a nuclear ideal. That u # 0 follows by the argument of 8.4. Note that for 
this result L need not be L, for t finite. 
This result allows us to make more explicit the result in [2] that L, is not 
prime. For if U is any nuclear ideal of L, , then UD = (0), U # (0), D # (0). 
Among the nuclear ideals ofL, , incidentally, is M = M(LJ, by 7.8. M # (0), 
since, for example, 0 # (x1 , (us , ~a)~) E M. 
(8.9) We now produce the first method of generating identities if L, 
is unmixed for large t. Using 8.7, we can compose nuclear functions to 
obtain nuclear functions h whose values generate nuclear (or zero) ideals. 
For instance, if u = ZJ(XJ and z, = v(xJ are nuclear functions, then 12, = (u, V) 
and h2 = (Y, 20 (Y, ) e, are functions of this type. If h is such a function and is 
defined on Lt = L, then Lh either is zero or generates a nuclear ideal. Thus, 
if L is unmixed, Lh n D = (0). By writing down elements of Lh CT D we 
thus obtain identities for arbitrary rings. 
EXAMPLE 8.10. If L, is unmixed for some t 3 8, then the following 
identities hold in an arbitrary ring (V = (x1 , xa) throughout): 
(w”, ax5 9 X6 , 4, u”)) = 0 (w = (x3, x4)); 
w21 4, 4w2, d = 0 (w = 6% , (x4 > 375 , x,>); 
(x7 P v”) (x, , w”) = 0 (same w). 
A second method of producing identities starts from Theorem B. As an 
immediate consequence of it we have 
LEMMA 8.11. If L = L, is unmixed, then M(L) C N(L). 
While it is most unlikely that we could have MC N for L, with large t, the 
known examples of rings R for which M $ N (see Section 9) do not disprove 
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the possibility. For if in R we have (a, b, c) (d, n) # 0 (n E N), and R = LJ3 
is a homomorphic image of L, , we might have (0) # (n, , L, L) C Ker 0, 
where n,B = 11, so that n, # N(L). 
At any rate, we deduce the following from 8.11. 
PROPOSITION 8.12. Either for every nuclear function h E A, every alter- 
native ring R satisjies the identity 
(aI , a2 ,a31 (a,, h(h ,.-, 4) = 0, 
or, for all sujkiently large t, L, is not unmixed. 
Proof. If in some R there exist elements at , bj such that 8.13 fails, then 
there is a homomorphism B from a free ring L, with free generators xi , u, 
onto the subring of R generated by ai , bj , such that xi0 = a(; u,B = b, . 
So in L(x, , x2, 4 (x4, MuI ,.-, u,)) # 0. So by 6.5, M(L) $ N(L), whence 
by 8.11, L, is not unmixed. 
Note 8.14. The argument of 8.12 is constructive: if 8.13 fails in some R 
for a nuclear function h E A, , then L, is not unmixed for all t > s + 4. 
To illustrate 8.12 we give 
EXAMPLE 8.15. If L, is unmixed for some t 2 7, the following identities 
hold in an arbitrary ring: 
6% 9 x4 9 x5) (X6 ,4 = 0 (v = (Xl , Xa)), 
6% , x4 , x5) 6% , v(x, , v”)) = 0 (same v). 
(8.16) A third method for generating identities (if L, is unmixed for some 
large t) is based on 
LEMMA 8.17. Suppose h = h(x, ,..., xtel) is a nuclear function, and L, is 
unmixed. Then h is a central function if and only if L,h C D(L,). 
Proof. Suppose that h is a central function. If 0 is the natural homomor- 
phism of L = L, onto L - D(L) g St, then he has range in Z(S,) = (0). 
Thus hB = 0, and Lh C Ker 8 = D(L). 
Conversely, suppose L is unmixed and Lh c D. By Theorem B and the 
note to (b) of 5.4, D(L) n N(L) = D(L) A Z(L). Thus, since h is nuclear, 
Lh C D n N 2 Z. In particular, the value h, = h(x, ,..., xtml) of h lies in Z. 
So (h, , xt) = 0. An argument of the type given in 8.6 now shows that h is 
not merely a nuclear, but also a central function. 
To obtain identities in arbitrary rings from this result, we need merely 
write down values in L, of nuclear functions with range in D(L,). 
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EXAMPLE 8.18. If L, is unmixed for some t >, 6, then, for any ring R 
and elements xi E R, 
(XI 9 (~a 9 xa 3 ~4))~ E Z(R), 
~@a , ~4 , 4, @> E -W (w = (Xl > 4)' 
Such identities would be the more remarkable in that there are at present 
no known nonzero central functions. 
9. EXAMPLES 
Each example is of an alternative algebra R over any given field F. We list 
a basis for R over F, and all the nonzero products of basis elements. This is 
sufficient to determine the multiplication completely. 
EXAMPLE 1. R has basis {e, a, b, c} and products ee = e, ea = a, eb = b; 
ab=c,ba=-cc;ce=c.HereM=N=D=U=Fcisatrivialnuclear 
ideal. We have M C N although R is not unmixed. R has the properties, 
both unusual for not-associative rings, that N is an ideal and 2 = (0). 
EXAMPLE 2. We construct R over F such that M 2 N. If R has 
this property, then by 6.5 there exist a, b, c, d E R, n EN such that 
(b, c, d) (a, n) = - t # 0. Define subsets G, H, J, K of R by 
G = ia, b, c, 4, 
H = Mb, 4, a(~, 4, 44 4; 44 4, d(b, n), b(c, 41, 
J = GQ, 4, (h 4, (c, 4, (4 4, 
K = {A, B, C, D, aA, t}, 
where A = (b, c, d), etc., cyclically. Then it is easy to show that G u H 
is linearly independent mod N, and that J C N is linearly independent mod 
the maximum nuclear ideal U. Thus the minimum possible value for codim U 
is 14. If this minimum is realized, it can be shown that K is a basis for D, 
and that D C U. Thus if codim U = 14, dim R > 20. A 20-dimensional 
example with basis G U H U J U K does indeed exist: we change the notation 
for convenience of presentation. R has basis {e, n; bi , ci , di (i = l,..., 5); r, s, t}. 
In terms of the above, e = a, n = - (a, n), b, = b, b, = a(b, n), 
b, = a(b, n) - (b, n), b, = - c(d, n), b, = (c, d, a); ci and di similarly by 
cyclic interchange b -+ c -P d -+ b; r = A - aA, s = - aA, t = - A(a, n). 
Products of basis elements are ee = e, eb, = b, , eb, = bz , eb, = b, , 
es = s; ne = n, nb, = b, , ns = - t; b,n = b, , b,c, = d5 , b,d, = - cg , 
b,c, = d4, bid, = - c4 , b,b, = - t, b,b, = s; b,e = b, , bg, = d4 , 
badI = - c4, b,b, = - t; b4bl = t, b,e = b, , b5bl = Y, b,b, = t; t-n = t, 
se = s, te = t. Remaining non-zero basis products by cyclic interchange of 
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the symbols b + c -+ d + b (e.g., cib, = - d5 , cscs = - t). In this example 
MhasabasisHu JuK,Nhasabasis JUK, Ii-=DhasabasisK,andZ 
has a basis ((6, n), (c, n), (d, n), A}. 
This ring H is in effect the ring A presented in [2]. In our notation the 
basis {ql ,..., q2.J for S would be written (in the same order) {e, n, b, , cr , dl , 
r, s, d,d, , b,b, , c,cq , b, , cs , d3b, , d5 - cscs , bsdz , t}. R was obtained from A 
by factoring out the ideal spanned by {b, T b, , c4 --t c, , d,, + d,}. That A 
has the property M $ N was noted by the authors of [2]. 
The purpose for which A was constructed was, however, different. A 
illustrates the fact that u2 = (x1 , s x )” is not a nuclear function. R can serve 
the same purpose, for in R we have (a, t2 -- b,)2 = b, + b, , and 
(b, T 4 , ~1 ,’ dJ = 2t. Thus u2 E A,(F) is not a nuclear function if 
char. F f 2. 
EXAMPLE 3. To show that w2 E A,(F) is not a nuclear function for any F, 
Humm and Kleinfeld produced a 29-dimensional algebra (unpublished). 
With their permission, I give a simplified version of this algebra. The justi- 
fication for its inclusion in this paper is its similarity to Example 2, and the 
desirability of having such an example on record. 
R has basis {e, n; bi , ci , di (i = l,..., 6); r, s, t}. Basis products are ee = e, 
eb, = b,, eb, == b, , eb, = b, , eb, --= b, , es = s; ne = n, nb, = b, , nb, = - b,, 
ns = 2t; b,n = b, , b,c, = d5, b,d, = - cs , b,c, =; d4 + d, , bld3 = - c4 -. c,, 
b,b, = s, b,b, = t; b,e .-= b, , b,c, = d4 , b,d, = - c4, b,b, = t; b,e = b,, 
b,n = b, , b,b, =: r, b,b, = -- t; m -I= t, se = s, te = t. Remaining nonzero 
basis products are obtained by cyclic permutation b + c -+ d -+ b. In this 
example, (e, n - b,)2 = b, + 6, , and (b, $ b, , cl , dl) = - t. 
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